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In this paper we give an answer to the fundamental questions about the Painleve 
equations. Where do the Backhand transformations come from? Our approach 
depends on the geometry of the projective surface constructed by Okamoto and 
reviewed in [[U^ . 



The Painleve equations were discovered around 1900 in the pursuit of special 
functions. Painleve and Gambier classified algebraic differential equations y" = 
R(t, y, y') without movable singular points, where R is a rational function of t, y, y' 
and t is the independent variable. After the refinement procedure of throwing away 
among the differential equations those that are integrable by the so far known func- 
tions, they arrived at the list of the six Painleve equations Pj {I < J < VI). After 
the discovery of Painleve equations, an unexpected but important feature of the 
Painleve equations was revealed. The Painleve equations have symmetries or the 
Backhand transformations. In fact, if we recall the motivation of the discovery, it 
is surprising that the Painleve equations admit symmetries. So a natural question 
arise. Where do the Backhand transformations come from? Our answer is that they 
arise from the rational double points. 

The Painleve equation Pj is written in a Hamiltonian form 
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for an appropriate polynomial Hj of q, p and t (J < J < V/). We also clarify where 
the polynomial Hj comes from and why it is uniquely determined. This point is 
a geometric interpretation of ||ST|| and ||MMT|| . It is interesting to notice that our 



theory provides us a lot of pairs (U, V) of algebraic varieties defined over C such 
that U and V are not isomorphic as algebraic varieties but they are isomorphic as 
complex manifolds (cf §11). (The idea in §11 is developed further in the direction of 
deformation theory of Okamoto-Painleve pairs and its relation to Painleve equations 
in IFTTfl.) 



We work with the second Painleve equation Pjj to illustrate the general case. 
Our argument is given in a form easily applicable to the other Painleve equations 
(cf. ||STT|| ). Through out the paper, the ground field in C. The most natural setting 
seems to be, however, over the ring Z[~]. 

We should mention that a recent work of Sakai ||Sakai|1 is also working on the dis- 



crete and differential Painleve equations related to the geometry of rational surfaces 
and symmetries of affine Weyl groups. 

The authors express gratitude to Professor Kei-ichi Watanabe. The discussions 
with him was indispensable to write §9. 

§1. Construction of a family of rational surfaces. 

The second Painleve equation is an ordinary differential equation 

P n {a) y" = 2y 3 + ty + a 

of the second order, where t is the independent variable, y" = d 2 y/dt 2 and a £ C is a 
parameter. The extended affine Weyl group G of type A± appears as the symmetry 
of Pjj(a). Namely if y is a solution of Pu(a), then 

T + (y) = - a + l * 



is a solution of Pn(a + 1), 

T -(y) = -y 

is a solution of Pn(a — 1) and 



y' + y 2 + I 



yl _ y2 
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i{y) = -y 

is a solution of Pjj(-a). The automorphisms i, t + , t- of the affine line A 1 with 
coordinate system a, i.e. A 1 = Spec C[at], given by 

t + (a) = a + 1, t_(a) = a — 1, i(a) = —a 
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generate the (extended) affine Weyl group G of type A^. So the group G operates 
on the affine line A 1 . We extend the operation of G on the affine plane A 2 with 
coordinate system (t, a) so that G leaves t invariant. We consider the affine space A 4 
with coordinate system (t,a,y,y') and the projection p 12 : A 4 — > A 2 , (t,a,y,y') h- > 
(t, a). Through the transformations T + , T_, / regarded as birational automorphism 
of the affine space A 4 , the extended affine Weyl group G operates birationally on A 4 
such that the projection p i2 : A 4 — > A 2 is G-equivariant. For example the birational 
automorphism of A 4 induced by T + is given by 



A - 

(t,a,y,y') i-> (t,a + l,T + (y),T+(y)') 



where 



T + (y) = -y-- a + ~ 2 



y' + y 2 + l 



as is given above and 



_ , (a + |)(y ff + 2yy / +|) 
y (y' + y 2 + |) 2 

_ , (a + |)(2t/ 3 + tt/ + q + 2^+|) 
y (y' + y 2 + l) 2 



2' 
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Namely if we use a more rigorous notation, the birational automorphism of A is 
defined by 



(t, a + 1, u, v ) 1— > (£, —a, [/ (t, a, u, t>), V(t, a, u, f )) 



where 



a + I 

U(t,a,u,v) = —u 



V(£, a, u, u) = — f + 



(a + ±)(2w 3 + tu + a + 2wv + ±) 



(i> + ir + 



2 _L L\2 



2' 



Remark (1.1). For the root system of type A\, the affine Weyl group is iso- 
morphic to the extended affine Weyl group. For a systematic understanding of the 
Painleve equations, we should regard G as the extended affine Weyl group. 
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On the affine space A 4 , we have a vector field 



5(a) 



so that the birational maps T + , T_, I are compatible with the vector field 6(a). We 
projectified the fibration p = p 12 : A 4 — > A 2 in the following manner ( [ |U 2|| ) . To 
explain the projectification of p, we had better take other coordinate systems on A 
and A 2 . First, we introduce a new coordinate system (t,c) such that c 
Second, we define a new coordinate system (t, c,p, q) on A 4 such that 

q = y, 



a — 



;i.2) 



p 



y'-<f-\- 



In terms of this coordinate system, the second Painleve equation is written as 



S»(c) 



dq 
IE 

dp 
IE 



q 2 +P+^, 



—2qp + c 



and the vector field 5(a) is given by 
Die] 



d , 9 td, . d 



In other words, if we consider an isomorphism 

^:A 4 -> A 4 



(t,a,y,y') i-> (t, c, y, y - y 2 - 



then ip transforms 5(a) to D(c). The system 62(c) is a Hamiltonian form. In fact if 
we take H(t, c, q,p) = q 2 p + \p 2 + |p — eg, then we have 



f 



dp 



dp 
, at 



9i7 
dq ' 



We explain now how to projectify the fibration p\2 : A 4 — > A 2 . We take a point 
(to, Co) G A 2 fixed once for all and show how to projectify the fiber X[to, Co] : = 
P12 {to, Co) °f the morphism p 12 := A 4 — >■ A 2 , (t,c,q,p) 1— >■ (t, c). The fiber X[t ,Co] 
is isomorphic to the affine plane A 2 . We need four copies (1 < % < 4) of A 2 with 
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coordinate system (y^, Zi). We glue together the Wi s by the following rule to get a 
rational ruled surface Z[to,c ]. 

(i) A point (yi, z\) G W\ and a point (y 2 , z 2 ) G W 2 are identified if 

yi = y 2 and z x z 2 = I. 



(ii) A point {y\,z-y) G W\ and a point (^3,^3) G are identified if 

yiy 3 = 1 and z x = c y 3 - y\z 3 . 
We notice that the latter condition is equivalent to 

Z3 = cqVi ~ y\z\- 

(iii) A point (y 3 , z 3 ) G W 3 and a point (y 4 , z 4 ) G W4 are identified if 

y 3 = y 4 and z 3 z 4 = I. 

The projections 

-> A 1 , zj) i-> y» for 1 < i < 4 

glue together to give a fibration 

PZ[to,co] : Z[t ,co] -> P 1 . 

So Z[i , c ] is a P 1 -bundle over P 1 on Z[t , c ] is a rational ruled surface. We have, 
as is easily seen 



Z[t ,c ] <^ 



f F 2 if c = 0, 

P 1 x P 1 otherwise. 



It is apparent that the construction of Z[£ ,c ] depends only on c and not 
on t . We identify the fiber X[t ,c ], which is the affine plane with coordinate 
system (q,p), with W\ that is the affine space with coordinate system (yi,zi) by 
sending a point (q,p) of X[t ,c ] to the point (yi,^i) = (q,p) of W\. We thus 
constructed a projectification Z[t , Co] of the fiber X[t , Co] but this is not the desired 
projectification. To get the projectification X[t , c ], we have to blow-up the rational 
ruled surface Z[t ,c ] eight times, the centers being carefully chosen infinitely near 
points of (y 4 , z A ) = (0, 0) G W4. The centers depend not only on c but also t so that 
the projectification X[to, Co] depends on Co and to- The center a\ of the first blowing- 
up is the point (y 4 , z±) = (0, 0) on W 4 . For 1 < i < 8, we denote by 7Tj : Zi[to, Co] — > 
Zi-i[to, c ] the i-the blowing-up, by ^ C Zj[t , c ] the exceptional divisor of 7Tj, and 
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by (Zj G Zi-i[to,co\ the center of the z-th blown-up iTi, so that Z [to,co] = Z[to,co], 
Zs[to, Co] = X[t , Co] and a x = (0,0) G W A . The curve S 1 = {(3/2,^2) G W3 | 23 = 
0} U {(3/4,24) I = 0} is a section of the ruled surface n : Z[to,z ] — > P 1 and the 
self-intersection number S" 2 = 2. For 2 < i < 8 the center a, G Zj_i[io, Co] is always 
on the exceptional divisor of the previous blowing-up. For % = 2, 3, 4, the center 
a, G Zj_i[t , c ] is the intersection point of and the proper transform of S by 
the morphism Z f _i[t ,Co] Z [t ,c ] = Z[t ,c ]. Let A C X[t , c ] = Z 8 [t , c ] 
be proper transform of i?j by the morphism X[t , c ] = Z 8 [t ,c ] — > Zi[t ,c ] for 
1 < % < 7. The following result is proved in 



Sublemma (3.6) of [ |U2| |. Locally on W±, the construction 3C[t 0} c ] = Z s [t 0l c ] — > 
Z[t , Co] or i/ie blowing-up of Z[t ,c ] is equivalent to the minimal resolution of the 
rational map 



F : W 4 



P 1 , (2/4, z 4 ) i-> (2/4Z4, 2^4 - y| + t2/4^4 + (2c + 1)1/424) 



Remark. F zs not regular on X[t ,c ]. For, it has a base point (2/2,^2) 
W%- This point outside W4 is left untouched in the construction of X[t ,co\. 



on 



We denote by Dq the proper transform of the curve Sc. Z[to, cq] by the morphism 
X[t ,co] -> Z[t ,c }. Then we have T> x ^ P 1 and Df = -2 for 1 < i < 7. The 
configuration of the D^s is shown in Fig. (1.3). 



F)\ 



D 3 D D 5 



D 7 



Fig. (1.3) 



The dual graph of Fig. (1.3) is Fig. (1.4) that is the Dynkin diagram of type E\ 



(1) 



Namely the vertices in Fig. (1.4) correspond to the curves in Fig. (1.3). Two 
different vertices are jointed by an edge if corresponding two curves have a point in 
common. We set ©[to, cq] '■= Uj =0 A C 3C[t , cq], which is a divisor on X[t , cq\. The 
divisors D; L also depend on t and c . So we should denoted by ©j[t , c o]. To 
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D 1 D 2 D 3 D 4 D 5 D 6 D 7 

o o o o o o o 



A A) 

Fig. (1.4) 



simplify the notation, we use Di\t Q , c ], only when we emphasize the dependence on 
t and c . So far we fixed (t, c) = (t , c ). The above construction works globally on 
the fibration n : A 4 — > A 2 and gives us a fiber space 

up : X -> A 2 

and a divisor 2) on X such that for a point (to) c o) £ the fiber y9 _1 (t ,Co) is 
isomorphic to X[to, Co] and such that D fl v9 _1 (to,co) yields the divisor D[t ,c ] on 
X[to, Co]. Namely, let ip be the composite p 2 o <p 

X A 2 a A, 

where p 2 : A 2 — > A 1 is the projection onto the second factor so that ^2(^5 c) = c for 
a point (t, c) G A 2 . We denote the fiber -^ _1 (c ) by X[c ] for a point c G A 1 . Then 
^ gives a morphism 

y? co : X[c ] -»• A 1 x c C A 2 . 

Since A 1 x c ~ Spec A[t] is the affine line with coordinate system t, we have a 
morphism 

<p[co] : X[c ] — > Spec <C[t], 

which we denote also by ip Co . On the threefold X[co], we have a divisor D[co] := 
S) fl X[co] and a rational vector field 

iN = | + (y; + . 1 + |)^ + (-2^ 1 + c )A 

generates a foliation on X[c ]. The divisor D[c ] is the set of singular points of 
the foliation so that every leaf is transversal to the fibers of X — > Spec C[t] in the 
open set X[co]\D[c ]. Since the Painleve equations have no movable singular points 
(=movable branch points and movable essential singular points), the set of solutions 
on the set of leaves of the foliation in X[c ]\S)[co] sweeps the whole space X[c ]\S)[c ] 
(See Fig.(1.5)). 
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Fig.(1.5) 



I 

<Pcq 

Spec C[t] 



X[io? c o]\^[to, c ] is the space of initial conditions of the second Painleve equation 
introduced by Okamoto |Q (cf. |U2|| ). In terms of coordinate system (t,c,q,p) of 
the affine space A 4 , the affine extended Weyl group G is generated by rational maps 

J : A 4 • ■ ■ — > A 4 , (t,c,q,p) h-> (t, -1 - c, -q, -2q 2 - p-t), 



and 

I : A 4 >A 4 , (t,c,q,p) h-> (t, -c, g- -, p). 



The corresponding birational map induced respectively by J (resp. J) on a variety 
3 over A 2 , which is A 2 -birational to pi% : A 4 — > A 2 , will be denoted by Js(c, — 1 — c) 
(resp. I?,(c, — c)). In this context, when we specialize the parameter c to Co G C, 
we denote the thus obtained birational map by J$(co, — 1 — Co), 15(00,— Co). We 
proved in ||U2|| that when the parameter c takes a fixed value Cq G C, the Backhand 



transformations give the following isomorphisms that commute with the foliations. 

(1.6) J x (c , -1 - c ) : X[c ] -> 3t[— 1 - c ]. 

(1.7) I x (c , -c ) : X[cq] -> X[-c ]. 
Moreover we have 

(1.8) J x (c , -1 - c )[2)[c ]] = D[-l - c ] 
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and 

(1.9) Jx(co,-c )[D[c ]] = D[-c ]. 

For, for every Co £ C, D[co] is the set of singular points of the foliation on X[co] and 
the isomorphisms Jx(co, —1 — Co) and I%(co, — cq) commute with the foliation. 

Proposition (1.10). We have 

J^cc-l-coXSiM) = Sg-if-l-co] /orl<2<7, 

J x (co,-l-c )(2)o[co]) = D [-l-c ], 

^(co,-Co)(Si[c ]) = 3) f [-Co] /or0<z<7. 

Proof. Once we have (1.8) and (1.9), we can check the identities easily. 

When we specialize not only c to Cq but also t to to, the corresponding birational 
maps are denoted respectively by J^(to', cq, —1 — cq) and I$(to] Co, — cq). Using this 
notation, we proved in [U2| that we have isomorphisms 



Jx{to] c , -1 - c ) : X[t , c ] -> X[t , -1 - c ] 

and 

Ix{to; Co, -c ) : X[t , c ] -> X[t , -co]. 
The following results follows from Proposition (1.10). 

Proposition (1.11). When t and c take fixed values t and Cq, we have the 
following identities. 

(i) Jx{t ;co, -1 - co)(£>i[*o,co]) = T> 8 -i[t , -I - c ] 
for 1 < i < 7 and 

(ii) J x (t ; c , -1 - c )(D [to, c ]) = S) [*o, -1 - <%]■ 

(iii) /3E(to;co,-CD)(IOt)[*o,-co]- 



Remark (1.12). Jx',X ^ X is a regular automorphism and the morphism if : 
X — > A 2 is compatible with automorphism j : A 2 — > A 2 , (t, c) t— > (t, — c). On i/ie 
ot/ier /iand, : X — > X noi biregular. 
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In fact there exists a curve C^iojO] on X[to, 0]\D isomorphic to P 1 giving the 
Riccati solutions of Pjj f ~J . The curve C' 2 [t , 0] is the base locus of the rational map 
Ix '■ X — > X. We proved in ||U2|| that if we denote by X the blowing-up of X along the 



surface Ut ec C^to, 0], then 1~ : X — > X is a biregular automorphism. We explain §3 
the reason why we have to blow up X to make Ix biregular. The birational maps 

Ix(cq, -co) : X[c ] -> X[-c ] 

and 

ik(*5 Co, -c ) : X[t , c ] -» X[t , c ] 

induced by Ix is the identity, when cq = 0. So they are biregular. Hence strictly 
speaking in the proofs of Propositions (1.10), (1.11) we must treat the case Co = 
separately. For every integer n, there is curve C[to, n] isomorphic to P 1 on X[to, n]\D. 
We blow up X along the surfaces Ut ec ^ foj n ] f° r every n E Z. We get a manifold 
y, a projective limit of a scheme over A 2 such that the extended Weyl group G =< 



Iy->Jy > operates regularly on y. In fact, we have seen in |[U2|| , Iy and Jy are 
automorphisms of y. The extended affine Weyl group G operates on y and A 2 in 
such a way that tpy : y — > A 2 is G-equivariant. Here ipy : y — > A 2 is the composite 
of the blowing-up morphism y — > X and the morphism if : X — > A 2 arising from the 
projection p 12 : A 4 —> A 2 . It is natural to ask a 

Question (1.13). The quotient spaces y/G, A 2 /G and the quotient morphism 
y/G — ► A 2 /G are algebraizable? 



§2. Affine root systems on £[£o,Co]. 

The additive group Pic X[t , c ] of linear equivalence classes of divisors on the surface 
X[t ,c ] is a lattice, of rank 10, the bilinear form on Pic X[t , c ] being defined by 
the intersection pairing. 

Lemma (2.1). We can blow down the surface X[to,Co] to P 2 . 

Proof. If c 7^ 0, then the ruled surface Z[t , c ] is P 1 x P 1 . Let X be the blown- 
up of P 1 x P 1 at a point P = (x\,X2) and let C\, C2 be respectively the proper 
transform of i] x P 1 , P 1 x X2 under the blowing down morphism (p : X — > P 1 x P 1 . 
Then C\ and C2 are disjoint — 1-curves so that we can collapse C\ and C2 on X 
to get P 2 . If the parameter c = 0, then the ruled surface Z[t ,c ] is isomorphic 
to F 2 . We blow-up F 2 at a point P on the section S of n : F 2 — > with S 2 = 2 
to get a surface X. So we have the blowing-down morphism ip : X —> F. Since 
F 2 \S = Z[to, co]\S is a line bundle over P 1 , we can find a section Sq of n : F 2 — > P 1 
such that = — 2and (S.Sq) = 0. Let Ci be the proper transform of the fiber 
of the ruled surface Z[t ,c ] passing through the point P and let C 2 be the proper 
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transform of So under ip : X — > F 2 . Then since C\ = —2, C| = —2 and (C1.C2) = 1, 
we can collapse successively C\ and C 2 to get P 2 . The surface X[t 0: c ] is obtained 
by blowing-up the ruled surface Z[t , Co] 8 times, the first blowing-up is one of the 
blowing-ups described above according as c 7^ or c = 0. Hence we can blow-down 
the surface X[t , c ] to P 2 . 

Corollary (2.2). The Picard lattice Pic X[t ,c ] is isomorphic to the lattice 
t 1 £ 1 Zej of rank 10 such that 



Sij ifi = l, 
—5ij otherwise. 



Proof. This is an immediate consequence of Lemma (2.1). 

We have seen in §1 that on the rational surface X[to, Co] there exists the divisor 
2D[to,co] of which irreducible components 2)j[£o> c o]> < % < 7 are isomorphic to 
P 1 with self-intersection number —2 and their dual graph is E^p (cf. Fig. (1.4)). 
The linear equivalence classes [D^s are linearly independent in the Picard lattice 
L = Pic X[t , c ]. So the Picard lattice L contains a free Z-module of rank 8 spanned 
by the class [A] of Di in Pic X[t , cq] (0 < % < 7), of which the bilinear form is given 
by minus of the Cartan matrix of the affine root system of type . We denote by 
abuse notation, this subgroup of L with the induced bilinear form by L(E^). For 
a subset M of L we set 

M L = {x e L I (x, y) = for every x G M} . 

Our aim is to prove Theorem (2.24) and (2.31). We introduced the curves Di, 
< i < 7 on the algebraic surface X[to,c ]. To prove Theorem (2.24), we need 
some more curves on 3t[i ,co]. On the ruled surface n : Z [to,co] — > P 1 , we have 
the following curves. All the irreducible components of the curves are isomorphic to 
P 1 . 



(2.3.1) C^to, c ] : = {(y 3 , z 3 ) e W \ y 3 = 0} c Z [t , c ] 

= {(V3, z 3 ) eW 3 \y 3 = 0}U {(y 4 , z A ) e W 4 \ y A = 0} , 
which is a fiber of ir. Here A denotes the Zariski closure of a subset A of Z[to, Cq]. 



(2.3.2) C Q 2 [to, c ] := {(y 3 , z 3 ) G W \ y 3 z 3 - c = 0} C Z [t , c ]. 
so that 

(2.3.3) C 2 °[t ,c ] = {(y 3 ,z 3 )eW\y 3 z 3 -c = 0}U{(y 1 ,z 1 )eW 1 \z 1 = 0} 



U {(y 4 , z A ) eW 4 \y 4 - c z 4 = 0} 
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on Z [to, Co]. The curve C 2 [to, Co] is isomorphic to P 1 for Co 7^ 0, and the union of 2 
curves isomorphic to P 1 for c = 0. Namely we have 



{(yuzj eW 1 \z 1 = 0}, ifc ^0, 



(2.3.4) C 2 %c ] 



on the surface Z[t ,c ]. 



{(yi, z x ) G W 1 I Zl = 0} U C?[to, c ], if c = 0, 



(2.3.5) C»[t , c ] := {( Vl , Zl ) G W 1 \ 2yj + Zl +t = 0}c Z [t , c ], 

(2.3.6) C 4 7 [t ,c ] : = the proper transform of C 4 [to, c ] under the birational 

morphism Z 7 [t ,c ] -> Z [£ ,c ]. 

(2.3.7) C° 5 [t , c ] := {(yi,^i)G ^1^1-00 = 0} C Z[t , c ]. 
So 

C 5 [to,c ] = {(yi,z 1 )eW 1 \y 1 z 1 -c o = 0}U{(y 3 ,z 3 )eW 3 \z 3 = 0} 

U {(y 2 , ^2) G W 2 1 y 2 - c z 2 = 0} , 

which is isomorphic to P 1 if cq 7^ and, which is the union of 2 curves isomorphic 
to P 1 if c = 0. 

C 5 ° = {(y u z7) eW l \y 1 = 0}U {( Vl , z7) G Wi I Zi = 0}. 



(2.3.8) C 6 °[t , c ] := {(yi, *i) G W | 2y? + t yi + + c + 1 = 0}. 
Cq [to, — 1] is irreducible if Co 7^ — 1 and if Co = — 1, it has 2 irreducible components: 



Ci[h, -1] = {(3/1, zi) G I yi = 0} U Q u [t , -1]. 

We denote by C^^co] the exceptional divisor E$ of the last or the eighth blow- 
up X[to,co] = Z 8 [to,c ] — > Z 7 [to,co] in the construction of X[to,co]. We denote the 
proper transform of Cj°^[t ,Co} by Cj[to,Co] for 1 < j < 6 with j 7^ 3,4 under the 

map X[co, to] — > Z [to,co]- C4[to,co] is the total transform of C\ [to,co] under the 
birational morphism £[t ,Co] = Z%\to, Co] — > Z 7 [t ,Co]. To simplify the notation, 
the curves C°[t ,c ], Cj[t ,co\ are respectively denoted simply by C°, Cj if there 
is no danger of confusion. The surface Z[to,Co] — > P 1 is a ruled surface so that 
Pic Z[t„, c ] = ZC? © ZS. We have (C?) 2 = -1, = 2, (C^.S) = 1. We recall that 
S is section of the ruled surface Z[t , c ] introduced in §1. 
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Lemma (2.4). The curve Cg D W4 on W4 is defined by 

2z 4 -yt + tylz A + (2c + l)yfz 4 = 0. 

This is the curve appeared in Sublemma (3.6) of RUjjJ . 

Proof. This follows from the definition of the curve Cg and the coordinate 
transformations among Wi (1 < i < 4). 

Lemma (2.5). We have C 2 ° ~ S - C° on Z[t , c ]. 

Proof. Since Pic Z[to,co] — ZC° + ZS, we can find integers a, b such that 
C 2 ° ~ aS + bC°. Then 1 = (S.C$) = (S.aS + bCf) = aS 2 + b(S.C°) = 2a + b, 
1 = (CM) = (C?.aS + bCl) = a(ClS) = 1. Hence a = 1, 6 = -1. 

Lemma (2.6). Assume cq 7^ so i/ia£ C° as isomorphic to P 1 . Let Cf and C2 
fre £/ie proper transform of C® and C° respectively under the birational morphism 

TlX ■ Zi[t ,C ] -> Z [t ,C ]. 

(i) Cj ; C*2 are isomorphic to P 1 . 

(ii) (cj.c!) = 0. 

(iii) c x l2 = cf = -1. 

(iv) (Cj.-Bi) = (C^) = 1. 

(v) Cj 1 n £?i, n Ei and the center 02 G -Ei are tnree distinct points on Ei. 

Proof, (i) follows the fact that the curves C°, C° are isomorphic to P 1 . The 
center a\ of the first blowing-up is the point (y 4 , 24) = (0, 0) on W4. So that C° , 
C° pass through a\. We have (C°) 2 = and (C°) 2 = by Lemma (2.5). So that 
(C\f = (C2 1 ) 2 = -1. Moreover C° and C 2 ° intersect at a x transversely {C\.C\)) = 0. 
Easy calculation shows that C* and C\ do not pass through a<i G E\ n Cg. Here Cg 
is the proper transform of Cg under the birational map 7Ti : Zi[t ,Co] — >■ Zo[£o, Q)] 
(cf. Lemma (2.4) and Sublemma (3.6) of |[U2|| ). 

Corollary (2.7). If Cq 7^ ; then the configuration of the curves Di (0 < % < 7) 
and Ci, C 2 zs as in Fig. (2.7.1). We have (C1) 2 = (C 2 ) 2 = -1. 

Proof. In fact, the centers a, for 2 < z < 8 are infinitely near points of 02- So Ci, 
C2 are total transform of Cl and C\ respectively under the morphism Z 8 [t , cq] — ► 
Z 2 [to, Co], which is an isomorphism on a neighborhood of Cj U C^. 

Similarly we can prove the following 

Lemma (2.8). If cq = 0, then C2 = G\ U C 2 such that C\,C 2 are isomorphic to 
P 1 and we have (Ci.C 2 ) = 1, (Ci) 2 = —1, (C 2 ) 2 = —2. Tne configuration of C%, C' 2 
is as in Fig. (2. 8.1). 



13 



Da 



Do 



C 2 
Ci 



D 



Da 



D l 



Do 



Da 



-Ci 



a 



Fig.(2.7.1) 



D 



Fig.(2.8.1) 



D 7 



D 7 



Da 



Proof. If c = 0, then a point (y±, z±) G W\ and a point (2/3,^3) G W 3 are 
identified if 2/12/3 = 1 and z 3 = —y\Z\ so that Z[£ ,0] ~ F 2 and we have 2 disjoint 
sections of the ruled surface Z[t ,0]. Namely 



S = {(2/2, z 2 ) G W 2 I z 2 = 0} U {(2/4, * 4 ) G W 4 I 24 = 0} 



and 



S = {(yi, *i) eW 1 \z 1 = o}u {(2/3, z 3 ) ew 3 \z 3 = 0}. 

Then = 2, £% = -2. By (2.3.4), we have C 2 ° = 5 U C°. C£ is the total transform 
of So that coincides with its proper transform because So does not pass through the 
center a± of the first blowing-up and consequently any centers a,-, 2 < j < 8. In 
particular C' 2 C 3L\ (Uj=o A) (cf. Proposition (4.2) below). 
Let us now study the curve C4. 



Lemma (2.9). T/ie curve C° U W4 on t/ie affine p/ane W4 C Zo[to 5 Co] is defined 
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2z 4 + (c z 4 - 2/4)2/4 + *2/f ^4 = 0. 

Proof. Since C° = {(2/1, 21) G Wi | 2?/f + Z\ + t = 0}, this follows from the co- 
ordinate transformations among the W^s 1 < i < 4 given §1. 

Lemma (2.10). The curve C 4 has the following properties. 

(i) The proper transform C\ ofC\ on Zi[to, cq] by the birational morphism Zi[to, cq] — 

Zo[to, Co] passes through the center a^+i of the (i + l)-th blow-up for < i < 6. 

(ii) If Co 7^ —1, Cj does not pass through a 8 . 

(iii) If cq = —1, C\ pass through as- 

Proof. This is a consequence of Lemma (2.9) and Sublemma (3.6) of |[U2|| . 
Corollary (2.11). (i) On Z[t , c ], we have C 4 ° ~ S + 2C? so that (Cff = 6. 

(ii) (CI) 2 = -1. 

(iii) (C 4 ) 2 = -l. 

(iv) (C3.C4) = 0. 

Proof. Let C° ~ aS* + 6C 4 with a, 5 G Z, on Z [to, c o]- Since for a given 2/1, the 
equation 2yf + z\ + 1 = for Zi has a unique solution, 

1 = (C° . C 4 °) = (C? . aS + 6(7°) = a. 

The defining equation for C° on W 2 is 2y%z 2 + l + tz 2 = 0. So n W 2 H 5 = 0. 
The defining equation of C 4 on W4 is 

2^4 + (cqZ A - 2/4)2/4 + ^4^4 = 

so that on W 4 , W A D C$ D S = (0, 0) G W A . To multiplicity of lf 4 n C 4 ° n 5 is 4. 
Hence 

4 = (S . C 4 °) = (S . aS + &C°) =2a + b 

so that 6 = 2. Consequently C\ ~ 5 + 2C 4 . 

(q ) 2 = (5 + 2C?) 2 = S 2 + 4 (S . C?) + 4 (C?) 2 = 2 + 4 = 6. 

Therefore (Cj) 2 = —1 by Lemma (2.10). (iii) and (iv) follow from (ii) and Lemma 
(2.10). 

Corollary (2.12). If cq 7^ —1, (i) C4 is an irreducible curve, (ii) we have 
(C3) 2 = (C4) 2 = —1 and (iii) the configuration of the curves D t (0 < i < 7) and C3, 
C 4 is as Fig. (2. 12.1). 
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D 7 



Da 



D l 



D« D * D 5 



Fig.(2.12.1) 



D 7 



Da 



c 3 

C 4 



Proof. This is a direct consequence of Lemma (2.10) and Corollary (2.11). 

Corollary (2.13). If Cq = —1, then C4 = C^UC^, where C' 4 is isomorphic to P 1 . 
We have (C 3 ) 2 = -I, (C' 4 f = -2, (C 3 .C' 4 ) = l. We also have (C 3 ) 2 = (C 4 ) 2 = -1. 
C' 4 coincides with a component of Cq 

Proof. The decomposition of C4 follows from Lemma (2.10). Since C 3 is the 



exceptional curve of the first kind on X[t , c ], (C 3 ) 
1 by a direct calculation. By Corollary (2.11), (ii), 



-I. We can check (C 3 .C' 4 ) 



1 = {c A f = (c 3 + c 4 f = {c 3 y + 2(c 3 . c> 4 ) + (C 4 f = -1 + 2 + {c 4 f = 1 + (C 4 ) 



so (c> 4 : 



-2. The last assertion follows from the definition of C' A and C fi . 



Corollary (2.14). If Co = —1, the configuration of the curves D^ (0 < i < 7) 
and C 3 , C' 4 is as in Fig. (2.14-1) ■ 



Do 



D 1 



Da 



D 3 



Do 



Fig.(2.14.1) 



D, 



D 6 

C 3 



D7 a 
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Lemma (2.15). We have (i) {C x . C 3 ) = 0, (ii) {C x . C 4 ) = ; (iii) (C 2 . C 3 ) = 
and (iv) (C 2 .C 4 ) = 2. 

Proof. By Lemma (2.5) and Corollary (2.11) 
so that 

(C 2 ° . Cf) = (S-C%.S + 2C?) = S 2 + (C? . 5) = 2 + 1 = 3. 

Both C 2 and C4 pass through the point (y 4 , z 4 ) = (0, 0) on W4, which is not a 
common point of C\ and C\. Here is the proper transform of Cf for birational 
morphism ir x : Zi[t ,Co] — > Z [toj c o]- Hence 2 = {C\.C\) = (C 2 .C 4 ). Other 
intersection numbers are evident from the geometric definition of the curves. 

As we imagine from Fig. (2.7.1) and (2.12.1), (2.8.1) and (2.14.1). The pairs 
{C X ,C 2 }, {C 3 , C 4 } of curves are symmetric with respect to Jx(t ; c , —1 — c ) (cf. 
Proposition (1.10)). 

Proposition (2.16). (i) We have 

Jx{to] c , -1 - c ) (Ci[* , c ]) = C 3 [*o, -1 - c ], 

Jx(to; co, -1 - c ) (C 2 [t , c ]) = C 4 [t , -1 - c ], 

^x(^o; c , -1 - c ) (C 3 [t , c ]) = Ci[t , -1 - c ], 

Jxfa c , -1 - c ) (C 4 [*o, c ]) = C 2 [t , -1 - c ]. 
(ii) Moreover we have 

Jxit ,c ](c , -1 - c ) (C 5 [t ,c ]) = C 6 [t , -1 - c ], 

Jx[t ,c ](co, -1 - c ) {C 6 [t , c ]) = C 5 [t , -1 - c ]. 
Proof. These formulas follow from the definition of curves and from the proof 



of Lemma (3.5) in |[U2|| , where the local forms Jjj : W{ — > Hj of Jx[to; Co, —1 — cq] 
are given. 

We can prove the following proposition in a similar way. 
Proposition (2.17). (i) If c 7^ ; we have 

Ix[to;c ,-c } (C 2 [t ,c }) = Ci[t ,-Co], 

Ix[toico,-co\(Ci[t ,co\) = C 2 [t ,-c }. 
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(ii) We also have 

Ix[to', Co, -c ] (C 3 [t Q , c ]) = C 3 [t , -c ]. 



Remark (2.18). If c = 0, I x [t ,Co] = Id x[toM . If c ^ -I, then 

C'l := I x [t ; c , -c ] (C 4 [t , c ]) 
is a new — 1-curve on Ix[to, —Co] with (C 4 [to, — Co] . CJto, — Co]) = 2. 

We have to study the curves C 5 and C 6 . We have the following lemmas. 

Lemma (2.19). We have (i) (C 5 . A) = 1, (ii) (C 5 . d) = 1, (iii) (C 5 . C 2 ) = 0, 
(iv) (C 5 . C 3 ) = 0, (v) (C 5 . C 4 ) = 3, (vi) (C 5 . A) = 0/or 2 < i < 7, (vii) (C 5 . A) = 
1. 

Lemma (2.20). W^e /zawe (i) (C 6 . A) = 1, (") (C 6 • Ci) = 0, (iii) (C 6 . C 2 ) = 3, 
(iv) (C 6 . C 3 ) = I, (v) (C 6 . C 4 ) = ; (vi) (C 6 . A) = /or 1 < i < 6, (vii) (C 6 . A) = 
1. 

We prove only Lemma (2.20). Then Lemma (2.19) is proved by a similar method 
or once we have Lemma (2.20), by the isomorphism Jx[t ,c Q ]{co, — 1 — Co) : £[to, Co] — > 
X[to, —1 — Co] in view of Proposition (1.11) and (2.16). 

Proof. The curve Cg D W 4 on W 4 is defined by 

(2.21.1) 2^4 -yi + ty\z 4 + (2c + \)y\z 4 = 
by Lemma (2.4). Cg 3 and 

(2.21.2) C? fW 4 = {(j/4, 24) e I z 4 = 0} 

have a point (w 4 , 24) = in common. Since by (2.19.1) and (2.19.2), 

z Vj 
4 2 + tw 4 2 + (2c + l)i/ 4 3 ' 

The intersection multiplicity of Cg fl S at (y 4 , z 4 ) = (0, 0) is 4. On the other hand, 
the curve Cg fl W 2 on W 2 is defined by 1y\z 2 + y 2 + ty 2 z 2 + (c + 1)22 = by 
(2.3.8), which is definition of curve Cg. So the intersection multiplicity Cg fl S at 
(?/2, -22) = (0, 0) is 1. Therefore we have 

(2.22.1) (C 6 °.S)=5. 
It follows from (2.19.1) and (2.3.1) 

(2.22.2) (C#.C?) = 1. 
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Writing C 6 ° ~ aS + we conclude from (2.20.1) and (2.20.2), 
(2.23) C 6 ° ~ S + 3C?. 

In particular we have (Cg) 2 = 8. Now it follows from Sublemma (3.6) of |[U2|1 , 
(Ce) 2 = because Cg passes through all the centers dj (1 < i < 8). Now (Cg . (7°) = 
(S+3C? . = 5 2 + 2(C 1 ° . S) = 4. Since the intersection multiplicity of C 6 °nC 2 ° 

at (y 4 , 24) = is 1, we have (Cg . C 2 ) = 3. Other multiplicities are calculate in a 
similar way starting from (2.23). 

Theorem (2.24). (i) L(A < j 1 - ) ) := L (-£7^) is isomorphic to Z® 2 with the inner 
product given by minus of Cartan matrix 

' -2 2 " 

.2 -2 . 

0/ the affine root system of type A± . 
(ii) We have L (A^) 1 = L (E^). 

Proof. We denote by [C] the linear equivalence class of a curve, which we often 
denote by abuse of notation simply by C. We set 

M = ([C 2 ] - [d], [C 4 ] - [C 3 ]) C Pic X[t ,c ]. 

So M is a subgroup of rank 2 in Pic X[to, Co]. We have (C 2 — Ci) 2 = (C 2 ) 2 + (Ci) 2 = 
-2, (C 4 - C 3 ) 2 = (C 4 ) 2 + (C 3 ) 2 = -2 by Corollary (2.7), Lemma (2.8), Corollaries 
(2.12) and (2.14). Moreover (C 2 - Ci . C 4 - C 3 ) = (C 2 . C 4 ) - (Ci . C 4 ) - (C 2 . C 3 ) + 
(Ci . C 3 ) = 2 by Lemma (2.4). Therefore the inner product on M is given by minus of 
the Cartan matrix of the affine root system of type A± . It follows from Lemma (2.6), 
(2.8), Corollaries (2.12), (2.14) M C L (e\ 1] ) L . We have to show M = L (E^)^. 

Since M and L (eP\ are of rank 2, we have Q® Z M = Q ® z L (^t^)" 1 - We work 
in Q ® z Pic X[t , c ]. Let 

a (C 2 - Ci) + 6 (C 4 -C 3 )6Q® z McQ®z Pic X[t , c ] (a, 6 G Q). 

To prove (i), we have to show that if 

(2.25) a (C 2 - Ci) + 6 (C 4 - C 3 ) G Pic X[t , c ], 
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then a,beZ. In fact, by (2.23) 

(2.26.1) (C 2 . a (C 2 - d) + 6 (C 4 - C 3 )) = —a + 25 G Z, 



(2.26.2) (C 4 . a (C 2 - Ci) + b (C 4 - C 3 )) = 2a - 6 G Z, 

(2.26.3) (C 5 . a (C 2 - Ci) + o (C 4 - C 3 )) = —a + 36 G Z, 

(2.26.4) (C 6 . a (C 2 - Ci) + b (C 4 - C 3 )) = 3a - b G Z. 

It follows from (2.26.1) and (2.26.3), b G Z. Similarly by (2.26.2) and (2.26.4) we 
conclude a G Z. Now we show L = L (f^). Since L (f^) C L (A?) ± , 

we may argue as above. Namely F = J2l=o a iDi G Q ®z £ (-^t^) w ^ n °i e Q> we 
have to show that if F G Pic X[to,co], then a» G Z. Since (Ci . F) G Z which is 
equal to by Corollary (2.7) and Lemma (2.8), so a\ G Z. Similarly using C 3 , we 
conclude 07 G Z. Now (C5 . F) G Z which is equal to a\ + a by Lemma (2.19) so 
that ai + ao G Z and consequently 00 G Z. Now since 

(£>i . F) = -2ai + a 2 G Z, 

(£> 7 . F) = -2a 7 + a 6 G Z, 
we conclude a 2 , a6 G Z. We have further 

(D 2 .F) — ai — 2a 2 + a 3 G Z, 

(D 6 . F) = a 7 - 2a 6 + a 5 G Z, 
so that a 3 , a 5 G Z. Finally 

(£> 3 . F) = a 2 - 2a 3 + a 4 G Z 

so that a 4 G Z. 

Writing X[t , c ] by X, we have an exact sequence of homology 

(2.27) - H 3 (X; D, Z) - H 2 (X\D, Z) - F 2 (X, Z) - # 2 pT; £>, Z) - . 
By the Poincare duality, we have 

(2.28) H 3 (X;D,Z) = H\D,Z) = 
and 

7 

(2.29) if 2 (X; D, Z) = H 2 (D, Z) ~ ZA- 

i=0 
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Since X is a non-singular, projective rational surface Pic X ~ H2(X,Z). So it 
follows from the exact sequence (2.25) and (2.28), (2.29) that 

(2.30) L^E?^ = H 2 (X\D,Z). 

Let i : C(t, c, ) — > C(t, c) be the C(t)-automorphism of the field C(t, c) sending c to 
— c. Similarly, let j : C(t, c) — > C(t, c) be the (C(t)-automorphism of the field C(t, c) 
such that j(c) = —1 — c. So the subgroup < i,j > of the automorphisms group 
of the field C(t, c) generated by i and j is isomorphic to the extended affine Weyl 
group G. The group W a operates on Spec C(t,c). The group G also operates on 
%c{t,c) '■= % ®c[t,c] C(t, c) in such a way that the morphism £c(t,c) Spec C(t, c) is 
G-equivariant. A — 1-curve C on a surface is a curve isomorphic to P 1 with C 2 = — 1. 

Theorem (2.31). For every (to,c ) e C 2 ; i/iere are infinitely many —1-curves 
on X[to, Co] . 

Proof. First we assume that c is not an integer. Then we have an isomorphism 
T+[t ; c - 1 , c ] = I x [to ; -c , c ] o J x [t ; c - 1 , -c ] : X[t , c - 1] -> X[t , c ]. 
So in particular the isomorphism 

T + [t ; c - 1 , c ] : X[t , c - 1] — > X[t , c ] 
maps the —1-curve Cs[to , Co — 1] on X[to , Co — 1] to a —1-curve 
ri[t , c ] := T + [t ; c - 1 , c ](C 3 [to , c - 1]) 
on X[t , c ]. For a positive integer n, the iteration 

T+[ti ; c - n , c ] := T + [t ; c - 1 , c ] o T + [t ; c - 2 , c - 1] 

o • • • o T + [t ; c - n + 1 , c - n + 2] o T + [t ; c - n , c - n + 1] 

: X[t , c - n] — > X[t , c - n + 1] — > >■ X[t , c - 1] — > X[t , c ] 

of isomorphisms maps the —1-curve 6*3^0, Co — n] to a —1-curve r„[t , Co] := 
T + [t ; c — n, Co\(C 3 [t , c — n\). Hence we have —1-curves r„[t , c ] (n — 1, 2, . . . ), 
on X[to , c ]. We have to show that the —1-curves T n [t , c ] are distinct curves on 
X[toi c ]. To this end, it is sufficient to show that the linear equivalence classes 
[r n ] G Pic X[t , c ] are distinct. It follows from the construction of X[t , c ] that 

Pic X[t , c ] = ZD t ZC 1 ZC 3 . 

i=0 
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By Proposition (2.16) and (2.17), we have 

T + [t ; c - 1 , c ] (Ci[t , c - 1]) = C 3 [t , c ], 

(2.32) T + [t ; c - 1 , c ] (C 3 [f , c - 1]) = C 2 [t , c ]. 

Let us express the linear equivalence class of C 2 as a linear combination of Ci, C 3 
and the Dj's. Namely we set 

7 

C 2 ~ aiCi + aaCs + ^fciA 

i=0 

and determine the integers a±, a 3 and 6/s. We have linear equations 



= 


(Ci , C 2 ) 


= —CLi + 61, 


1 = 


Pi , c 2 ) 


— ai — 2bi + b 2 , 


= 


(D 2 , C 2 ) 


= bi - 26 2 + 63, 


= 


(D 3 , C 2 ) 


= b 2 - 2b 3 + 64, 


= 


(D 4 ,C 2 ) 


= 63 - 26 4 + 65 + 60, 


= 


(D , C 2 ) 


= -2&o + h, 


= 


(D 5 ,C 2 ) 


= 64 - 26 5 + 6 6 , 


= 


(As , C 2 ) 


= 65 - 26 6 + 67, 


= 


(D 7 ,C 2 ) 


= -26 7 + 6 6 + a 3 , 


= 


(C 3 ,C 2 ) 


= -67 - a 3 . 



We solve this system of linear equations to get 

r\ = C 2 ~ -d + 2C 3 - Di + As + 2D 4 + 2D 5 + 2£> 6 + 2D 7 + D . 
In particular, we have 

(2.33) r\ = T + [t ; c - 1 , c ](C 3 ) = -d + 2C 3 

(2.34) T+ftojco-l.coKCO^Ca 
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modulo the subgroup L (-Ey^) — (A) , ~D\ , • • • , D 7 ) in Pic X[t , c \. Since L (-£7^) 
is invariant under Ix and Jx by Proposition (1.10) and hence by T + , it follows from 
(2.34) and (2.35), 

T2 = T + [t ; c - 1, c ] oT + [t ; c - 2, c - 1] (C 3 [t , c - 2]) 

= T + [t ; c - 1 , c ] (-Ci[t , c - 1] + 2C 3 [t ; c - 1]) 

= -C 3 [t , c ] + 2 (-C x [t , c ] + 2C 3 [t ; c ]) 

= -2d [t , Co]+3C 3 [to; Co] 
modulo r(^ 1} ). SoTi andr 2 are distinct curves on X[to , Co]. Similarly we have 

r 3 = -eCi + ioCa 

T 4 = -20Ci + 34C 3 
T 5 = -34Ci + 116C 3 



so that Ti, T 2 , • • • are distinct — 1-curves on X[t , c ]. If c is an integer, since the 
surface X[t , c ] is isomorphic to X[t , —1] as we proved in 
Co = —1. Then we can apply the above argument. 



we may assume 



§3. Vanishing cycles on %[to , cq\. 

If c = 1, then we have the — 2-curve C' 2 [t , 0] on X[t ,0] that is the limit of the 
cycle C 2 [to,c] — Ci[t ,c] on X[t , c] when c — > 0. We can collapse the —2-curve 
C^toj 0] to a normal singular point to get a normal algebraic surface 3£"[io] with an 
ordinary double point. This suggests that the cycle C 2 [to) c] — Ci[t , c] on X[t , c] is 
a vanishing cycle. 

Proposition (3.1). There exists a flat family tp' : X'[t,c 2 } — > Spec C[t,c 2 ] of 
projective algebraic surfaces with the following properties. 

(i) The variety X'[t,c 2 ] is non-singular. 

(ii) We have an isomorphisms 

X[t , c ] ~ X'[t , Cq] if c ^ 0, 
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and 



X"[t ]~X'[t o ,0]. 

Here X'[to, Cq] denotes the fiber <// _1 ((t , Cq)) over a point (to, Cg) G Spec C[t, c 2 ]. 

(iii) The morphism tp : £'[t,c 2 ] — > Spec C[t,c 2 ] is smooth except for the points on 
X'[to,0] that correspond to the rational double point ofX"[to], to e C. 

(iv) We have a C[t, c, 1 / c]-isomorphism 



t,c, - 



X'[t,C 2 } ®c[t,c»] c 



X[t, c] ® C [t,c] C 

Proof. We consider a C[i, c]-morphism 

/i : x Spec C[t,c] = Wi x C 2 



1 

t,c, - 
c 



P 3 x C 2 



(yx, ti] t, c) i-v (1, yi(c - i/izi), 2j/i2i - c, z x \ t, c). 

The morphism fi extends to a rational map 

/:ZoM^P 3 xC 2 , 

which turns out as we can check it easily, to be a morphism. We recall that Zo[t, c] 
is the starting family of ruled surfaces in the construction of 3£[t,c]. For example, 
we have on W3 x Spec C[t, c], 

f 3 : f 3 xC 2 ^P 3 x C 2 



(l/3, Z3] t, c) (1, z 3 , c - 2y 3 z 3 , y 3 (c - y 3 z 3 ); t, c). 

Moreover f 3 factors through a family of quadratic surface 

Q[t, c 2 ] : 4xiX 3 — x\ + c 2 Xq = 

in P 3 x C 2 so that the surface Q[t, c 2 ] is defined over C[t, c 2 ]. If c = 0, / 3 collapses the 
curve C^ttbO] for every t . We can check that the morphism / : Z [t,c\ — > Q[t,c 2 } 
is an isomorphism outside the curve C' 2 \t, 0]. We can also show by calculation that 
we can blow up Zo[t, c] and Q[t, c 2 ] so that we have a morphism 

f:X[t,c]^Q[t,c 2 ] =: X%c 2 ] 



(cf. Proposition (1.11)). Then / has the required properties. We proved in ||U2 
that we have an isomorphism 

Ix[t; c, -c] : X[t, c] ®c[t, c ] C[t, c, 1/c] 3t[t, c] <g> C [t,c] C[t, c, 1/c] 
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covering Spec C[t, c] = C 2 — > Spec [t, c] = C 2 , (t, c) i— »■ (t, — c). The quotient variety 

X[t, c] <8) CM C[t, c, 1/c]/ (I x [t; c,-c]) 
I 

Spec C[t, c, l/c] <7> = Spec C[t, c 2 , 1/c 2 ] 

is isomorphic to 

£'[t,c 2 ] ® cM C[t,c 2 ,l/c 2 ] 

i 

Spec C[t,c 2 ,l/c 2 ]. 

This shows that the involution I%[t; c, — c] arises form the rational double point of 
type A\. Namely if we fix t = to G C, the birational involution 

(3.2) I:3t[t ,c]^>3t[t ,c] 

comes from the automorphism of the singular quadratic surface 

Q — {(^0) x ii x 2] c) G P 2 x C | 4xiX 3 — x\ + c 2 x = j 

sending (x , Xi, x 2 ; c) to (x , Xi, x 2 ; — c). So the birational map is the simplest ex- 
ample of flop between 3 dimensional varieties and hence this is why I is not an 
isomorphism (cf. ||U2|| and |jK| , 12.1. Example). Similarly the cycle C4 — C3 is the 
vanishing cycle around c = — 1. 

§4. Regular functions on X[to,Co]\D. 

We begin with a lemma. 

Lemma (4.1). If there exists a complete curve C on X[t , c ]\D[t Q , c ], then 
C n W\ C W\ is an open algebraic curve. 

Proof. It follows from the construction of the surface X[t , c ] that X[t , c ]\Wi = 
D[to, c ]UCiUC4. The curve C\ intersects 2) [to, Cq] on D\ and the curve C4 intersects 
2) [t , c ] on D 7 . 

Proposition (4.2). (i) If the parameter cq is not an integer, then there is no 
projective algebraic curve on X[t , c ]\2>[t , c ]. (ii) If c Q is an integer, then there is 
only one projective algebraic curve C on X[to, co]\©[to, Co]. The curve C is isomor- 
phic to P 1 and C 2 = —2. In other words, C is a —2-curve. 

Proof. Let us assume that there exists a complete curve C on X[to, co]\X)[to, cq\. 
Since the Painleve equations have no movable singular points and since X[to, co]\D[to, cq] 
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is the space of initial conditions, integrating the curve C along the foliation on 
X[to, co]\D[to, Co] generated by the Hamiltonian system 

-fa -y 1 + z 1 + 1 , 
W = + c ° 

on Wi, we get an analytic family <£ — > (Spec C[t]) an of complete algebraic curves 
on 3f [t, Co] — * Spec C[t]. So by G.A.G.A., there exists a field extension K D C(t) 
such that X is a subfield of the field of meromorphic functions on an open set of 
C with coordinate system t and such that the analytic family <Z — > (Spec C[t]) an 
is an algebraic family of curves defined over the field K. We may assume that the 
field is closed under the derivation d/dt. Let F(yi,zi) = be a defining equation 
of (Wi x C n C) -> Spec K on (£[t, c ] n Wi) ® C [t] # -> Spec if so that F(yi, Zi) G 
if [yi, 21]. Since Wi x C D £ is invariant under the Hamiltonian flow 

f(yi,Zi) divides -D(c) (f(yi,zi)) in the polynomial ring iffyi,^]. In the language 
of ||U 1|| , F is an invariant polynomial over K. Then Theorem (2.1), [|U W|| implies 
Co = «o ~ \ G Z and the curve C arises from the Riccati equation and C 2 = —2. 

Lemma (4.3). The canonical divisor K of X[t ,co] is given by a divisor —F, 
where 

(4.3.1) F = 2F> + F>i + 2D 2 + 3D 3 + 4£> 4 + 3D 5 + 2D 6 + D 7 . 

Proof. The lemma follows from the following two observations and the construc- 
tion of 36 [to, Co]- First, the canonical divisor K of Z [t , cq] is given by —25. Second, 
let Ki be canonical divisor of Zj[t ,c ] (0 < i < 8). Then K i+ i ~ ir* +1 Ki + E i+1 , 
where Fj is exceptional divisor of 7r i+1 : Z i+1 \po, c ] — > Zi[t , c ] < i < 7. 

F is the null vector of the Cartan matrix C of A±. Namely C t (2, 1, 2, 3, 4, 3, 2, 1) = 

0. 

Proposition (4.4). h° (X[t , c ], —K) = 1. 

Proof. Since F is effective, /i° (5£[t , c ], — F) > 1. Assume h° (X[t , c ], — K) > 
2. Then there exists an effective divisor H linearly equivalent to — K and distinct 
of F. Let H = Hi + H 2 be a decomposition into two effective divisors such that the 
support of H\ is a subset of | < % < 7} and such that no irreducible component 
of H 2 is Di, < i < 7. We show H 2 = 0. Let us assume H 2 7^ 0. Since we blow up 
the ruled surface Z [t ,c ] 8 times, 

(4.5) = K 2 = {K . - H) = (K . - Hi - H 2 ) = -{K . Hi) - (K . H 2 ). 
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Since Di is a — 2-curve, (K . Di) = for < i < 7. So 
(4.6) (K.H 1 ) = 0. 

First assume that Co is not an integer. Then there is no projective curve on 
£[*o,co]\Uj=o D i h y Lemm a (4.1). Hence (-K.H 2 ) = (F . H 2 ) > 0. This con- 
tradicts (4.5) and (4.6). Therefore H 2 = or the support of H C Uj=o A- Since 
the ZVs are linearly independent divisors in Pic £[t ,Co], this shows H = F, which 
is contradiction. If cq is an integer, there exists the unique projective curve C on 
X[to? c o]\ Uj=o If we assume H 2 ^ 0, then the above argument shows H 2 = nC 
for an appropriate integer n > 0. Since C is a —2-curve, 

= (K.C) = (-H.C) = (-#! - H 2 .C) = (-H X .C) - {H 2 .C) = -n{C.C) = In. 

So we conclude Hi — and the argument above leads us to a contradiction. 

Corollary (4.7). (to the proof.) For every integer m > 0, 

H°(X[t ,c ],-mK) =C. 

Proof. The assertion being trivial for m = 0, we may assume m > 0. Then the 
argument of the proof of Proposition (4.4) allows us to prove the corollary. We can 
formulate Corollary (4.7) in another form. 

Corollary (4.8). 

H°(3t[t ,c ]\5)[t ,c ],O) = C. 

Proof. Since —K ~ 2D + D ± + 2D 2 + 3D 3 + 4£> 4 + 3D 5 + 2D 6 + D 7 , this result 
follows from Corollary (4.7). 

§5. Takano coordinate systems. 

It follows from Proposition (4.4) that there exists a 2-form u on X[to, co]\D[t , c ] 
such that uj vanishes at no point of X[to, Co]\£)[to, cq\. Moreover uj is unique up to 
a non-zero constant multiplication. Namely, there exists a symplectic structure on 
%[to, c ]\®[t , c ]. K. Takano and his colleagues introduced nice coordinate systems 
on X[to, Co]\D[to, Co] such that locally the 2-form is written in a canonical form in 
terms of the coordinate system. They cover X[to, c ]\!9[£o, Co] by there copies of 
C 2 such that coordinate transformations are symplectic. We call these coordinate 
systems the Takano coordinate systems. To explain the Takano coordinate systems, 
let us come back to the construction of X[t , c ]\D[t 0: c ]. To construct X[t ,c ], 
we started from the ruled surface Z [t ,c ]. We blow up Z [to,Co] eight times and 
removed the proper transform D of S, the proper transforms D±, D 2 , ... , D 7 of all 
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the exceptional divisor except for the last exceptional divisor E 8 = C3 = D 8 . Let us 
recall 

S = {(y 2 , z 2 ) e W 2 1 z 2 = 0} U {(1/4, z 4 ) g W 4 1 z 4 = 0} 

so that 

Z [t ,c ]=W 1 UW 3 US. 

Hence 

(5.1) X[t ,c ]\®[t ,c ] = W 1 UW 3 U (D 8 \(D 8 n D 7 )) 



(cf. Fig.(1.3)). So we start from ^U^U W 4 . We use the notation of §2, |J2 
We have to resolve the rational map 

(5.2) F:W 4 ► P 1 , (1/4, z 4 ) h-> (y£z 4 , 2z 4 - 2/ 4 4 + tyf*4 + (2c + l)y\z^) 

(cf. Sublemma (3.6) in [|U2||). Let (y 4 +j, z 4+i ) be the coordinate system of W^(z) = 
C 2 1 < i < 4 so that we have y 4+i = y 4 , z 4+i _i = y 4+ iZ 4+i (1 < i < 4). Hence 

(5.3) y 4 = y 5 = y 6 =y 7 = y 8} y 4 = y| Zg . 

On Hg(-2), F is written as 

(5.4) F : W 8 (z) - P\ (yf * 8 , 2^ 8 - 1 + ft/ 8 2 z 8 + (2c + l)y 8 3 ). 
Now we introduce a coordinate system (y 8 ,v 8 ) on Ws(z) such that 

(5.5) v 8 = -. 

Precisely speaking, we consider W 8 (z) = A 2 with coordinate system (y 8 ,z 8 ) and 
birational map 

(5.6) Wi(z) > W 8 (z), (y 8 , v 8 ) ^ (y s , l/v 8 ). 

Let W 8 (z)° = {(y 8 ,v 8 ) G W$(z) \ v 8 ^ 0} so that W 8 (z)° is identified with an open 
set of W 8 (z) by (5.6). We have on W 8 (z) 

(5.7) F : W' 8 {z) - P 1 , (y 8 , v 8 ) » (yt, 2 - v 8 + ty\ + (2c + l)y 8 3 ). 

So (ys, v 8 ) = (0, 2) is the singular point of F in (5.7). We blow up W 8 (z) at (y 8 , v 8 ) = 
(0, 2) to resolve the rational map F given by (5.7). We set 

(5.8) v 8 - 2 = y 9 z 9 , y 8 = y 9 . 
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On Wg = A 2 with coordinate system (y 9 , zq), we have 

(5.9) F : W 9 -> P 1 , (y 9 , 2 9 ) ^ (y 9 3 , + fy 9 + (2c + l)y 9 2 ). 

The singular point of F in (5.9) is (2/9,29) = (0,0). We blow up Wg at this point. 

So we set 

(5.10) yio = 2/9, 2 9 = y 9 zi . 

On W^io = A 2 with coordinate system (y 10 , z 10 ), we have 

(5.11) F : W 10 -> P 1 , (2/10, 2 10 ) ^ (2/L, -210 + t + (2c + 1)2/10). 

The singular point of F in (5.11) is (2/10,21.0) — (0, i). We blow up W^i at (0,t). So 
we set 

(5.12) 2/11 = 2/io, 210 - t = 2/11211. 
On Ifn = A 2 the coordinate system (2/11,211), we have 

(5.13) Wn^P 1 , (2/11, 2 n ) ^ (yn,-2 1 i + (2c+l)). 

The singular point of (5.11) is (y n , z u ) = (0, 2c+ 1). We blow up W u at (0, 2c+ 1). 
So we set 

(5.14) 2/12 = 2/11, 2n - (2c + 1) = 2/12212- 

On W^i2 = C 2 with coordinate system (2/12,212), we have 

(5.15) F:W 12 ^F\ (y 12 , z 12 ) h-> (1, z 12 ). 

Namely the rational map is resolved on W 12 . It follows from (5.8), (5.10), (5.12), 
(5.14) 

(5.16) v 8 = y\ 2 z 12 + (2c + l)y\ 2 + ty 2 12 + 2. 
So we have a rational map 

(5.17) W 12 >W^z)^W s {z) 

sending (y 12 , z 12 ) to 

1 \ 



(2/8, 2 8 ) = 2/12, 



2/f 2 2i2 + (2c+l)2/i 3 2 + t2/i2 + 2; ' 
We have to restrict the map (5.17) on an open set 

W? 2 = {(2/12, 212) I y\ 2 z 12 + (2c + \)y\ 2 + ty\ 2 + 2 ^ 0} . 
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Then we have a regular map 

(5.18) W« 2 - W a (z), 



(y», , 12 ) » (m, *> = ^, af22l2+(2c+ ; )!/?2+t ^ +2 j • 

Hence it follows from (5.3), (5,18) that we have a regular map 
(5.19) W<> 2 -> W a (z), 

iVl " Z " ] " (!,S ' *> = ^ + (2c +1)^ + ^ + 2) ' 
Since = — , we have by (5.19) 
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J/12 



z 3 yf 2 zi2 + (2c + l)yf 2 + ty\ 2 + 2 



or 



, c\r\\ 2c+l i 2 
(5.20) 23 = zi 2 + + — + — . 

2/12 2/12 J/12 

So £[£0, Co]\2D[to, Co] is covered by W±, W 3 and W® 2 . A point (1/3,-23) G W 3 and a 
point (j/12,^12) £ are identified if (i) 1/4 = j/12 7^ and if (ii) we have (5.20). 
In view of (5.18), we may enlarge W® 2 or we may replace it by W\ 2 . So in view of 
(5.1), we have proved the following 

Theorem (5.21). X[t , c ]\S)[£o, c ] is covered by three copies W\, W 3 , W\ 2 of 

A 2 . We glue together these copies by following rule. 

(i) A point (yi, Zi) G W\ and a point (y 3 , z 3 ) are identified if y\y 3 = 1 and if 
zi = y 3 (c-y 3 z 3 ). 

(ii) A point (yi, z\) G W\ and a point (yi 2 , z\ 2 ) G W\ 2 are identified if y\y\i = 1 and 
if Zi + 2yf + t = yu (~(c+ 1) -yi2Zu). 

(iii) A point (y 3 , z 3 ) G W 3 and a point (y 12 , z 12 ) G W i2 are identified if y 3 = y 12 7^ 
and if we have 

2c + 1 t 2 
z 3 — z\ 2 H 1 — 5- H — -T-. 

y\2 yf 2 2/12 

Proof. It is sufficient to see that (ii) is a consequence of (i) and (iii). We can 
check this by an easy calculation. 

Corollary (5.22). 2-forms dy\ A dz\ on W\, dy 3 A dz 3 on W 3 and dy\ 2 A dz 12 
on W\ 2 coincide on the intersections W; L fl Wj and thus define a symplectic structure 
on X[t ,c }\D[t ,c }. 
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Proof. This is an immediate consequence of Theorem (5.21). 

Remark (5.23). If we notice the relation (Hi) follows from (i) and (ii), we have 
a symmetry 

Vi^-Vi, z\ ^ ~(zi + 2yl + t), ci->-(c + l), 

which sends as a consequence zi+2y\+t \— > —Z\, — (c+1) h- > — c 7 0/ Wi U W 3 U Wi 2 = 
X[t ,Co]\D[to,c ]. 

The open surface X[t ,co]\D is covered by three copies W±, W3, W\i of A 2 . As 
Corollary (5.23) shows, the 2-forms dy±Adz±, dy 3 Adz 3 , dy^Adzu glue together and 

define a 2-form uo on %[t ,co]\D. The vanishing cycles span L (^i 1 "*) = L (-^7^) 
and hence by (2.30) Z(C 2 - d) © Z(C 4 - C 3 ) = H 2 (X[t , c }\D, Z). 



Proposition (5.24). 



/ u = c, / 

J C2 — Ci JCa—C 



uj — — c — 1. 

IC2—C1 JC4—C3 



Proof. We show the first equality. If c = 0, C 2 — Ci is a complete curve on 
3C[t ? Co]\-D so that 



^ Cc> = 

because cu is a holomorphic 2-form. So we may assume c ^ 0. Since y 3 = y±, 
Z3 = I/Z4, we have on W4 

u = dy 3 A dz 3 = —dy^ A —^dz^. 

Blowing up W4 at (1/4,-24) = (0,0), we get a morphism W4 — > W4. The surface 
W4 is covered by ^(y) and W4(z) that are isomorphic to A 2 . We have coordinate 
systems (Y,z) on W±(y) ~ A 2 and (y, Z) on W^z) ~ A 2 . We identify a point 
(Y» G W^(y) and (y,Z) e W A {z) if y = Yz, z = yZ and if YZ = I. The 
morphism W4 = W±{y) fl W 4 (z) — > W4 is defined respectively on W^y) by 

W4(y) ^W 4 = A 2 , (Y, z) h-> (Fz, *) 

and on 1^4(2;) by 

^4(2/) — > W4 = A 2 , (y,Z)»(y,yZ). 
The curves Ci and C 2 are defined on W4 respectively by 

Ci n w 4 = I (2/4, ^4) g A 2 1 1/4 = o| 
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and 

C 2 D W 4 = {(3/4, z 4 ) G A 2 I y 4 - cz 4 = 0} . 
So we have on W 4 (y) ~ A 2 , 

d n W 4 (y) = {(Y, z) G W 4 (y) \ Y = 0} 

and 

C 2 n W 4 (y) = {(Y z) G W 4 (y) I Y = c} . 

Now £>i n W x (y) = {(Y, 2) G A 2 I 2 = 0} and hence on W 4 (y), C 1 nD 1 = {(0, 0)}, 
C 2 nL>i = {(c,0)}. Now let 7 be a segment in D 1 nW 4 (y) = {(Y» G W 4 (y)|z = 0} 
joining the points (c, 0) and (0, 0). Let r be a closed tublar neighborhood of 7. We 
set C\ fl r = ti, C 2 D r = r 2 . We have on W^y) 

— dy 4 A ^-ctZ4 = — aY A — . 

2 4 z 



{ u = [ u = [ -dY A — = / -2tt^F = 2vric. 

JQ2-C1 Jdr Jdr Z J-y 



Since cV is homologous to C 2 — Ci in X[t , Cq]\D, 

dz 

/C2-C1 J0r Jdr Z J7 

The isomorphism 

J(c , -c - l,t ) : 3t[*o,co] -» ^[*o, -Q) - 1] 

maps C 3 [t , c ] to Ci[t , -c -l], C 4 [t , c ] to C 2 [t , -co-1] and cj[t , c ] to u[t , -c - 
1]. So 



w[to, c o] = / ^[*o, -c - 1] = -c - 1. 

C 4 [to,co]-C 3 [to,co] ^C2[to,-co-l]-Ci[to,-c -l] 



In particular, since either c ^ or — c — 1 7^ 0, we have proved the following 

Corollary (5.25). The de Rham class of u in H 2 (X[t , c ]\D, C) is not 0. In 

other words the closed 2-form uj on x[t ,Co\\D is not exact. 

Theorem (5.26). (Cf. @). We have 

H°(X[t ,c ]\D,Q) = 

or equivalently 

H°(X[t o ,c o ]\D,n 1 ) = 0. 
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Proof. Since we have a non-degenerate 2-form oj on 3t[to, co]\D, the sheaf 
6 is isomorphic to Q 1 . So we have to prove H° (X[t , c ]\D, fi 1 ) = 0. Let rj G 
H^Xi^colXD,^ 1 ). We show 77 = 0. In fact, ^ G #° (X[t , c ]\£>, ^ 2 ). It follows 
from Proposition (4.4) that we can find a complex number A such that dr\ = Xuj. By 
Corollary (5.25), A = or drj = 0. The algebraic surface X[to, Cq\\D is covered by 
three copies W 1 , W 2 , W 12 of A 2 so that we can find tpi G H°(Wi, O) for % = 1, 3, 12 
such that difi — rj on Wi for i — 1,3, 12. Hence {^j — ipj} w . nWj is a 1-cocycle or is 
an element of Z 1 (\JW i ,C). Since Hl ar (3C[t ,c ]\D,C) = 0, we can find constants 
ki E C for % = 1, 3, 12 such that 

ifi - <fj = ki - kj. 

In other words the functions tpi—ki glue together to give an element of H° (X[t , Cq]\D, O). 
Now it follows from Corollary (4.8) that this function is constant k. Therefore we 
have (pi — ki = k on Wi. This shows <fi = k + ki e C. Hence = dipi = rj. This is 
what we had to show. 



§6. Hamiltonian system. 

We worked in §5 on X[to, cq] for a fixed to and cq. We can apply this argument to 
the relative case X/Spec C[i,c]. In theory of Painleve equations, however we have 
to study X/Spec C[c]. We have three copies of C 4 : 

Wi := Spec C[yi,zi,t,c], 



W 3 := Spec C[y 3 ,z 3 ,t,c], 

W12 := Spec C[y 12 ,z 12 ,t,c]. 

A point (yi, Z\, t\, C\) G Wi and a point (y 3 , z 3 , t 3 , c 3 ) G W 3 and identified if (ti, c x ) = 
(t 3 ,c 3 ), yiy 3 = 1 and if z x = y 3 (c - y 3 z 3 ). A point (yi,zi,t u ci) of Wi and a point 
(Vi2,zi 2 ,t 12 ,c 12 ) of W12 are identified if (*i,ci) = (*i 2 ,ci 2 ), 2/i2/i2 = 1 and if 

zi + 2y 2 + *! = y 12 (-(c + 1) - Z/12^12) • 

A point (y 3 , z 3 , i 3 , c 3 ) of W 3 and a point {y\ 2 ,z\ 2 ,t\ 2 ,c\ 2 ) of W12 are identified if 
(*3,c 3 ) = (*i2,ci 2 ) and if 

2c 12 + l * 12 2 
^3 — ^12 H 1 — h~ H — J~- 

y\2 2/12 y*2 

By gluing Wi, W 2 and W 3 together by this rule, we have Wi U W 2 U W 3 = X\S). 
Now we consider X as a variety over Spec C[c]. In other words X — >■ Spec C[c] is a 
family of threefolds parameterized by Spec C[c]. The differential, as well the A, is 
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take over C[c]. To distinguish the differential over C[c] from the one over C[t, c], we 
denote the former by d/ c so that d/ c C[c] = but d/ c t ^ 0. Similarly we denote by 
A/ c the wedge over C[c]. 

We look for polynomials c, y u zi) G C[i, c, y u z^, H 3 (t, c, y 3 , z 3 ) e C[t, c, y 3 , z 3 ], 
H 12 (t,c,y 12 ,z 12 ) E C[t,c,y 12 ,z 12 ] such that 

(6.1) d /c yi A/ c d/ c 2!i + d /c H l A /c d /c i, 

<^/c2/3 A/ c d/ c z 3 + d/ c if 3 A/c d/ c t 

and 

rf/c2/i2 A/c rf/ c ^i2 + d/ c H 12 A/c rf/ct 
glue together and define a 2-form on 3C\Q over Spec C[c]. 

Lemma (6.2). Let H± — y\z\ + \z\ + |zi — cy 1 e C[i,c,yi, zi]. TTien, 

(i) if 3 (i, c, 1/3, z 3 ) := c, y 3 (c - y 3 2; 3 )) a polynomial in t, c, y 3 , z 3 . 

(ii) H 12 (t, c, y 12 , z 12 ) := H 3 (t, c, y 12 , z l2 + 2s±l + jr + ^r) - ^ is a polynomial in 
t, c, y\ 2 , Z\ 2 . 

Proof. The lemma is proved by a simple calculation. 
Lemma (6.3). We have 

(6.3.1) d /c yi A/c d /c zi = d /c y 3 A /c d /c z 3 
and 

(6.3.2) d/ c y 3 A/c d/ c z 3 = d/ c y 12 A/ c d/ c Zi 2 ^-c?/ c 2/i2 A/ c d/ c £. 

2/l2 

Proof. These formulas are consequences of the identification rule of Wi, W 2 
and Wi 2 . 

Proposition (6.4). Closed 2-forms d/ c y\ A/ c d/ c Zi + d/ c i?i A/ c rf/ c t, d/ c 2/3 A/ c 
d/ c z 3 + d/ c H 3 A/c c?/ c t, d/ c yi 2 A/ c d/ c z\ 2 + d/ c H\ 2 A/ c d/ c i gfote together and define a 
2-form uj c on X\D over Spec C[c]. 

Proof. We have to show 

(6.5.1) d/ c yi A/c d/ c zi + d /c ifi A/ c d /c t = d /c y 3 A /c d /c z 3 + d/ c # 3 A/ c d /c t 
on Wi n W 3 and 

(6.5.2) d/ c y 3 A/c d/ c ,z 3 + d/ c # 3 A/ c d/ c t = d/ c y l2 A/ c d/ c zi 2 + d/ c #i2 A/ c d/ c i 
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on W3 H Wi2- (6.5.1) follows from (6.3.1) and the fact that Hi = H3 (cf. Lemma 
(6.2), (ii)). On the other hand (6.5.2) follows from Lemma (6.2), (ii) and (6.3.2). 

The 2-form uj c defines a skew symmetric form on Ox\xi/Spec c[c], of which the 
null foliation is the second Painleve equation. Namely 6^\xi/Spec c[c] is a vector 
bundle of rank three on which we have the skew symmetric form u c . So at each 
point p of there exist a 1-dimensional subspace S p of Ox\s»/Spec c[t] sucn that 

a; c (E p , 0£\s/spec c,P) — 0- The subspace S p defines a foliation. Rigorously speaking, 
we have to fix c = c G C and work on the fiber X co \3) co , which is a threefold, over 
c = Co of X\D — > Spec C[c]. Locally on Wi over C[c] for example the null foliation 
is given by the Hamiltonian flow 

ffi 61 — = — ^ — - — 

(it ' (it ch/i ' 

Namely 

r dj/i _ ..2 , _ , t 
- ^ + Zl + 2 , 

< 

. ^ = -2^ + c. 

Theorem (6.7). TTie Hamiltonian functions H 1 , H 3 , H 12 are unique. Namely 
if H[, H' 3 , H' l2 are polynomials such that the 2-forms in (6.1) glue together, then 
Hi — H[ does not depend on y-i, z\ for i = 1, 3, 12. 

Proof. Let H- G C[t, c, y 1: zi], H' 3 G C[t, c, y 3 , z 3 ], if{ 2 G C[t, c, y i2 , -212] such that 
the 2-forms of (6.1) glue together. We have to show that Hi—H[, H3 — H3, Hi2 — H' 12 
are functions of t, c. It follows from (6.1), we have d(H\ — H[) = d{H 3 — H f 3 ) on 
Wi n W 3 , d(Hi - H[) = d(H 12 - H[ 2 ) on Wi H W12, where d is taken over C[t, c] so 
that d(C[t,c]) = 0. We set 

& = - Hi) - - flj) 

for i,j G {1,3,12}. Then G C and {^} is a 1-cocycle with coefficients in C. 
(Precisely speaking £y depends on t and c.) Since if] ar (£[t, c], C) = 0, we can find 
constants (;6C such that & — = for i,j G {1, 3, 12}. Hence Hi — H[ + & glue 
together and define a regular function on X[t, c]\D. So i/j — H[ + ^ is a constant in 
the sense that it is a function of t and c by Corollary(4.8) for i — 1, 3, 12. 

§7. Deformation of the open surface £[£o, co]\D[to } cq] 
and the Hamiltonian. 

Let us fix c = c . Then we have a family £ C0 \S) C0 of open surfaces 3£[t, c ]\5)[t, c ] 
parameterized by t. Namely we have 

(7.1) X C0 \D C0 ^SpecC[t]. 
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Since we have a flow of the second Painleve equation on £ Co \£> C() so that analytically 
the fibration (7.1) is trivial. If we take a point t = t , then 

(x co VD co n - m ,c ]\v[t ,c ]r x c. 

Now we consider the Kodaira-Spencer map 

V.Tt^H 1 (£[to,co]VD[fo,cb],e) 

associated with the fibration (7.1). Here T to denotes the tangent space of Spec C[t] at 
t = to- The open surface X[to, co]\D[t , c ] is defined by gluing together three copies 
Wi, W 3 , Wu of C 2 by the rule in Theorem (4.22). We look at the Kodaira-Spencer 

map. The image Lp {^Jji) t _ t j G ff 1 (X[t , c ]\D[t , c ], 0) is given by definition by 

the following 1-cocycle G Y{W j nW k , 9) (j, k = 1, 3, 12). Let yj = f jk (y k , z k , t), 

z j = 9jk(yk,z k ,t). Then 



Q = djjk_d_ dgjk g 
j,h dt dyj dt dzj 



er(^n^e). 

t=t 



In our case, we have 

o = e lt3 = -e 3tl er(w 1 nw 3 ,e). 

03,12 = 4-tt- e r(vy 3 n w 12 , e), -0 12)3 = 03,12 

and 

= 01,12 = -012,1 er^n^e). 

The 1-cocycle {0ij} is cohomologous to 0. Since we have a symplectic structure on 
X[to, co\\D[to, Co], we have on X[to, co]\D[to, Co] an isomorphism 

(7.2) ~ n 1 . 

The 1-cocycle with coefficients in Q 1 corresponding {0jj} by isomorphism (7.2) 
is 

^1,3 — — ^3,1 — 0, ^1,12 — —^12,1 = 

^3,12 = 4-^i2 = \ d vs e #°(^ 3 n^.ll 1 ). 

1/12 1/3 

If we consider cuj = dHj on Wj (j = 1,3,12), then cuj — u k = Wik by Lemma 
(6.2). So the cohomology class determined by {u;^} G i/ 1 (X[t , c ]\D[t , c ], fi 1 ) is 
and hence the Kodaira-Spencer class {Oij} G H 1 (X[t , c ]\S}[t , c ], 6) is 0. So 
we can express this fact by saying that the Hamiltonian functions Hj trivialize the 
Kodaira-Spencer class of the family (7.1). 
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§8. Cohomology groups. 

We fix t , Co and denote the rational surface X[t , Co] by X and 2) [to, Co] by D. 
Lemma (8.1). 

x(e x ) = -10. 

Proof. Since X is a rational surface, x(@x) = 1- For a vector bundle of rank 
2 over X, the Riemann-Roch theorem tells us 

X (E) = l - ( Cl (E) 2 - 2c 2 (E)) + l - Cl {E) Cl {Q x ) + 2 X (O x ), 

and hence 

X (E) = ± ( Cl (E) 2 - 2c 2 (E)) + l - Cl {E) Cl {Q x ) + 2. 
If we take Q x as E, 

x(&x) = \ (ci(6 x ) 2 - 2c 2 (0 x )) + ic 1 (0x)c 1 (0x) + 2 

so that 

X(&x) = \ (ci(6x) 2 - 2c 2 (0 x )) + ^ Cl (0 x ) 2 + 2. 

Since ci(Qx) = —if, ci(©x) 2 = and hence 

(8.2) x (0 x ) = _ C2 (0 x ) + 2 . 
It follows from Noether's formula 

l-q(X)+p q (X) = l( Cl (0 x ) 2 + C2 (0 x )) 

(8.3) 12 = c 2 (0 x ). 
Now the lemma follows from (8.2) and (8.3). 

Proposition (8.4). 

h\X, x (-logL>)) = 2. 
Proof. By the Serre duality 

h 1 (X, & x (-logD)) = h 1 (x, K <8> Vt x {\ogD) 
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and hence we have to calculate h 1 (X, K <g> Q^(logD)). We have an exact sequence 

i=i 

Tensoring if with the exact sequence, we get 

8 

-> if® tt x — > if <g> Vt x (\ogD) -40^800,^0. 

i=i 

Since D { is a — 2-curve, we have if <g> Di ~ (9^ and consequently we have 

8 

(8.5.1) 0^ K®Q} X K ®Vt x {\ogD) -^0O O . -> 0. 

i=i 

This exact sequence gives the long exact sequence 

(8.5.2) 0^H°(K®Q x ) ^ H° (k ®tt x {\ogD)) ^ H° (^)O d ^J 

^H 1 (K^Q^^H 1 (if ®^(lo gj D)) ^ii 1 (©^a) 

-> H 2 (K® Q} x ) ^H 2 (k® VL l x (\og D)) -> 0. 

Since if = — Sj=o n iA w ^ n > for < 2 < 7, if <g> fi^(logD) is a subsheaf 
of fi^ so that ii° (X <g> f^(log-D)) = 0. The ZVs are isomorphic to P 1 and hence 
H° (0- =1 Cd,) = C 8 , ii 1 (© 8 =1 £> A ) = 0. So it follows from the long exact sequence 

-> C 8 -> /J 1 (if <g> fi^) -> H l [K® Q} x {\ogD)) -> 0. 

We had to show /i 1 (if <g> fix(l°g = 2 - To this end, it suffices to show /i 1 (if ® Q^) = 
10 by the above exact sequence. It follows from the Serre duality h 1 (if <g> Q x ) = 
h 1 (Ox) so that we have to show 

h\e x ) = io. 

We notice here by the Serre duality h 2 (Ox) — h° (K ®Q X ). Since —if is effec- 
tive if <S> Q x is a subsheaf of fl x and since H° (Q x ) = because X is rational, 
H° (if <g> tt x ) = 0. Therefore 

(8.6) /i 2 (0 X ) = 0. 

Now (8.4) follows from Theorem (5.26), Lemma (8.1) and (8.6). 

Corollary (8.7). to the proof. H° (& x (-\ogD)) = H 2 (& x (-\ogD)) = 0. 
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Proof. In fact since H°(Q X (- hgD)) C H°(X\D,G X ), H°(Q x (-hgD)) = 
by Theorem (5.26). We noticed in the proof of Proposition (8.4) 

H° (K®Q x (logD)) =0, 

implies by the Serre duality H 2 (Q x (— log-D)) = 0. 

Corollary (8.8). to the proof. If cq = 0, we know that there is a —2-curve C 2 
on X[t ,0]\D. We have 

h 1 (X,Q x (-\og(D + C' 2 ))) = l 

and 

h° (e x (- \o g (D + c 2 ))) = h 2 (e x (- \o g (D + c 2 ))) = o. 

Proof. We argue as in the proof of Proposition (8.4). We replace D by D + C 2 
and consider the exact sequence (8.5.1) and the long exact sequence (8.5.2). Then 
we have to show H° (K <g> Vl x (\og(D + C 2 ))) = 0. Since K <g> Vt l x (log(D + C' 2 )) is a 
subsheaf of ^(logC^), it is sufficient to show H° (Q x (\ogC' 2 )) = 0. In fact we have 
a commutative diagram 

- H°(n x ) - H° (n x (\ogC 2 )) - H (Oa 2 ) ^ c 

i I II 

H\X,C) -> H l (X\C' 2 X) -> H 2 (X;C' 2 ,C) -> # 2 (X,C) 

of cohomology groups for the usual topology. By the Poincare duality we have 
H 2 (X;C' 2 X) - H 2 (C' 2 X) and hence the morphism H 2 (X;C' 2 X) - H 2 {C' 2 X) - 
C -> H 2 (XX) is injective. So the morphism H\X\C^,C) -> # 2 (X;C^,C) is 
trivial. Since #°(ft^) = 0, this shows #°(^(logC^)) = 0. 



§9. Rational singular points. 

Let Y be an affine surface defined over C and P be a point. We assume that Y is 
normal, Y\{D} is smooth and that P is a rational double point of type A\. Let 
/ : Y — > y be the minimal resolution. So C := </? _1 (P) is a curve isomorphic to P 1 
with C 2 = —2. f2y is the sheaf of Kahler differentials on Y over C. 0y is the dual 
of fi y so that 6 y = Hom 0y (^, £> y ). 

Proposition (9.1). We have 

/*e ? (-io g c)~e y 

and 

i? 1 /*e ? (- log c) = o. 
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Proof. It follows form an exact sequence 

o -> e ? (-io g c) -> e ? -> iv c -> o, 

the long exact sequence 

o - /,e ? (-io g c) - /*e ? - /*iv c 

-> i?7*e>?(-logC) -> R l UQy -U R'f^Nc -> 0, 

iV c being the normal bundle of the curve C. Since N c — O c (—2), we have f*N c = 0. 
By Proposition(1.2) in [BW], 

Moreover for the minimal resolution of a rational double point, we have an isomor- 
phism H x {Qy) ~ H 1 (Nc) by (1.8) in [BW]. Hence the morphism % in the long exact 
sequence above is an isomorphism and consequently 

/*e ? (-io g c) ~ f&y ~ e y , i?7*e ? (-io g c) = o. 
§10. Calculation of Ext. 

On rational surface X[t , 0], there is a curve C' 2 isomorphic P 1 with (C' 2 ) 2 = -2 and 
C' 2 H D = 0. We can contract the curve C' 2 on X[to, 0] to a rational singular point 
P to get a rational surface 3^o,0] with a rational double point P of type A\. We 
have a morphism 

f:X[t o ,0]^y[t o ,0], 

which is the minimal resolution of 3^o,0]. Since the curve D does not intersect 
C 2 , f is an isomorphism on a neighborhood of D. So we denote the image f(D) on 
3^0)0] again by D. We compare the Kuranishi family of the pair (X[t ,0], D) and 
that of the pair (y[t , 0], D). We denote X[t Q , 0] by X and y[t , 0] by F. 

Lemma (10.1). 

H 2 (Y,e Y (-\o g D)) = o 

Proof. It follows from Proposition (9.1) that the spectral sequence 
E%« = Hr(y,K>f,e x (-]og(D + C 2 ))) 

H n (X,e x (-\og(D + C 2 ))) 
degenerates and that f*Ox (— log(-D + C2)) = 0y(— log.D). So we have 

IP (Y, G Y (- log D)) = H p (X, O x (- log(D + C 2 ))) 
for every integer p > 0. The lemma now follows from Corollary (8.8). 
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Proposition (10.2). The spectral sequence 

= H*> (Y,£xt q OY (n 1 Y (\ogD),Oy)) 

^Ext p + Y q (n 1 Y (\ogD),Oy) 

degenerates at the E2-terms and we have the exact sequence 

- H 1 (Y, n Y (\ogD)) - Ext 1 ^ (Q\\ogD), Oy) - Ext^ yp (py, o Y , P ) - 0. 

Proof. Since Y is locally a complete intersection, the projective dimension of 
f2y(— logD) is equal to the projective dimension of Q Y — 1 so that 

Sxt% Y (Q Y (-\ogD),O Y )=0 

for q > 2. £xt x 0r log.D), Oy) is supported on the singular point P. Lemma 

(10.1) shows E^' 2 = 0. So the spectral sequence degenerates at the i? 2 -terms. Thus 
Ext 2 ^ (fi 1 (log-D), O y ) = and we have an exact sequence 

_> sj' - Ext^ y (O y (- log D), Oy) - Pf - 0, 
which is nothing but the exact sequence of the proposition. 



§11. Family c] of rational surfaces. 

Theorem (11.1). The family (£[£, c], D[t, c]) — > Spec C[£, c] of pairs a surface 
and divisor is a Kuranishi family at every point (t , cq) € (C[t, c]) an = C 2 . 

Proof. Again we denote D[to,co] by D. The theorem says that the Kodaira- 
Spencer map 

(11.2) p : T C2>P - P 1 (X[to,Co],e(-lo gj D)) 

is an isomorphism of vector spaces, where T C 2p is the tangent space of (Spec C[t, c]) an 
C 2 at a point P = (io;Q))- It follows from Proposition (8.4) that we have to show 
that the image of Kodaira-Spencer map is of dimension 2. As we have show in 
§2, ||U2j| , the surface X[to, Co] is covered by 12 affine open sets Wi isomorphic to A 2 
(1 < i < 12). The image 




EH 1 (X[t ,c ],e(-lo gj D)) 



(t,c)=(t ,c ) / 



is represented by a Cech 1-cocycle a = {ctjj}i<ij<i2 with coefficients in 0(— logD) 
with respect to the covering X[t , c ] = U^Wj so that 

dij e H° (Wi n W 3 ,Q(- log D)). 
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"lift. 



eff 1 (3£[«„,c],e(-logC)) 



Similarly, the image 

(t,c)=(t ,c ), 

is given by Cecil 1-cocycle 

b = {h,j}i<i,j<n 

with 

b tJ e H° (W, n W V Q(- log D)). 

We assume that a linear combination Aa + fib, which is a Cech 1-cocycle with coef- 
ficients in 0(— log-D), is cohomologous to for complex numbers A, fi and we show 
that A = fi = 0. We recall that X[t , c ]\D is covered by W\, W 3 and W 12 . We have 
a canonical map 

H 1 (X[t , c ], 0(- log D)) - H 1 (£[t„, c ]\D, 0(- log D)) 

The image of a Cech 1-cocycle / = {fij} under this map is denoted by / = {fij}- 
Since as we have seen in §7, b is cohomologous to 0, it follows from the assumption 
that Aa = Aa + fib is cohomologous to 0. By the coordinate transformation between 
Wi and W 3 given in §5, we get 

dzi d . 1 

-T- = -K-yV^C - y 3 Z3) =V3 = — 

oc oc y 1 
and dyi/dc = 0. So by the definition of the Kodaira-Spencer map, we have 

(11.3) a lt3 = G H° {W l n W 3 , 0(- log D)) . 

V\ ozi 

Similarly 

(11.4) ai,i 2 = e H° (W 1 n W 12 , 6(- logD)) . 

On the other hand, we have the symplectic structure on 3C[t , c ]\D = W\ U W 2 U W 3 
given by dyi A dz\ = dy 3 A dz 3 = dy± 2 A dzi 2 so that we have an isomorphism 

(11.5) V?:©-^ 1 

on X[to, co]\D = Wi U W 2 U W 3 . Under this isomorphism d/dyi corresponds to dzi 
and d/dzi to -dy*. We set a itj := (p(a id ) e H°(Wi n W^-,^ 1 ) for i,j = 1,3, 12. In 
fact we have explicitly 

1 1 

(11.6) a 13 = dyi, a 1>12 = —dy x . 

yi yi 
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Since \a is cohomologous to 0, there exist G H°(Wi, Q 1 ) for i — 1,3, 12 such that 

(11.7) ai - af 3 = -— dy x , a 1 -a 12 = —dy 1 . 

Vi Vi 

In view of (11.6) and (11.7), dct\ = da 3 = dot\ 2 glue together and define a 2-form on 
X[to, cq]\D. So by Corollary (4.7), d6t\ = da 3 = da\ 2 = vlo for a complex number v. 
Since uo is not exact by Corollary (5.26), we have v — and dot\ = da 3 = da\ 2 = 0. 
Now since Wi ~ A 2 , by a theorem of Grothendieck, there exist polynomials j\ G 
C[yi,^i], / 3 G C[y 3 ,z 3 ], /12 G C[j/i 2 , Z12] such that dft = a* for i = 1,3,12. So it 
follows from (11.7) 

dfi - df 2 = -—dy 1 
Vi 

on W\ fl = Spec C[yi, 1/yi, 21]. Since — ^dy x is exact on W 7 ! fl W 3 if and only 
if A = 0. We conclude A = 0. Now it remains to show /i — 0. Let us consider the 
canonical map 

H 1 (X[t , c ], 6(- log D)) -> iJ 1 (W^ U W 2 U W 3 U W 12 , 9(- logD)) . 

The image of a 1-Cech cocycle / = {fij} under this map will be denoted by / = 
{fi,j}- We calculated b for % = 1, 3, 12 in §6. We recall the coordinate transformation 
between W\ and W 2 , which are a part of coverings of the starting ruled surface in the 
construction of X[to,co], is given by y\ = y 2 and z\ = l/z 2 (cf. §1). It follows from 
the definition of the Kodaira-Spencer map b\^ 2 = 0. Since fib is cohomologous to 0, 
lib is cohomologous to too. We can find b\ G H° (Wi, 0(— log-D)) for i — 1,2, 3, 12 
such that 



(11.8) bi-bj = fib id 

for i,j = 1,2,3,12. Since H° (X[t , c ]\D, 6) = H° (X[t , c ]\D, 6(- logD)) = 0, 
hi G H° (Wi, 6) is uniquely determined for i — 1,3, 12. Namely we have 

1)1 ^ \ dzi dyi dyi dzi J 
for i — 1,3, 12, where Hi is the Hamiltonian as we have seen in §7. In particular 

= + * + 5) £ + 

Since as we noticed above bi >2 = 0, we have 

61 - 62 = 0, 
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which means b is regular on W<i- We have 

M(« + H)£ + ( e - s *i)(-' ! >£} 

on W2. So if 61 is regular on W2, then /i — 0. This is what we had to prove. 

It is an interesting problem to give a pair of algebraic varieties (U, V) defined 
over C such that the algebraic varieties U and V are not isomorphic one another but 
the associated analytic spaces U an and V an are isomorphic. A well-known example 
due to Serre is related with algebraic groups(See [H], Chapter VI, §3). The family 
(X[t, c], D[t, c]) provides us many such examples. Let us choose a point (to, Q)) £ C 2 . 
Let t\ 7^ to be an arbitrary point in a small neighbourhood of to £ C. The pair 
3t[*0j Co] \ 5) [to, c ], X[ti, c ] \ 2D[ti, c ]) is a such pair. In fact, X[t , c ] \ 2) [to, c ] 
is not isomorphic to X[ti, Co] \ 2)[ti, Co] as algebraic varieties. In fact if we had an 
isomorphism 

if : X[t , c ] \ D[t , c ] -> X[ti, c ] \ D[ti, c ] 

as algebraic varieties, then since the complementary divisors 2D[t , c ] and 2D[ti, c ] 
consist of — 2-curves, we could extend ip to an isomorphism 

<p : X[t , c ] — > X[ti, c ] 

of algebraic varieties so that the pair (X[to, Co], S)[to, c ]) is isomorphic to the pair 
(X[ti, c ], D[ti, c ]). This contradicts Theorem (11.1). Integration of the second 
Painleve equation that has no movable singular points gives an analytic isomor- 
phism 

X[t , c ] \ 2) [t , c ] ~ X[ti, c ] \ D[ti, c ]. 
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